
Topics in learning theory∗

Lecture 3: Recap on linear algebra and differential calculus
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A significant part of learning theory builds upon concepts
from algorithmic optimization. To develop a proper intu-
ition about the field, a good command of standard notions of
differential calculus is required. This lecture briefly reviews
necessary material.

1 Euclidean spaces

Let E be an R-vector space. Recall that a norm on E is a
map ‖.‖ : E → R+ satisfying the following properties:

• Separation. 1 For all x ∈ E: ‖x‖ = 0⇔ x = 0;

• Homogeneity. For all x ∈ E and all λ ∈ R: ‖λx‖ =
|λ|‖x‖;

• Triangular inequality. For all x, y ∈ E: ‖x + y‖ ≤
‖x‖+ ‖y‖.

A vector space E equipped with a norm is referred to as a
normed vector space. In the sequel, we’ll be mostly interested
in Euclidean spaces, i.e., finite dimensional normed vector
spaces whose norm is inherited from a scalar product. Recall
that a scalar product on a vector space E is a symmetric,
bilinear and positive definite map 〈., .〉 : E × E → R, i.e.,
satisfies:

• Symmetry. For all x, y ∈ E, 〈x, y〉 = 〈y, x〉,

• Bilinearity. For all x, y, z ∈ E and all α, β ∈ R,

〈x, αy + βz〉 = α〈x, y〉+ β〈x, z〉.

• Positive definiteness. For all x ∈ E, 〈x, x〉 ≥ 0 and
〈x, x〉 = 0⇔ x = 0.

∗Teaching material can be found at https://www.qparis-math.com/
teaching.

1The separation axiom is also called the positivity condition. Note
the distinction between the number "0" in R and the null vector "0" in
E in this statement. This distinction is usually clear from the context.

Given any scalar product 〈., .〉 : E × E → R on a vector
space E, a fundamental result, known as the Cauchy-Schwarz
inequality, states that

∀x, y ∈ E, |〈x, y〉| ≤
√
〈x, x〉

√
〈y, y〉.

This inequality implies in particular that the map ‖.‖ : E →
R+, defined by

‖x‖ :=
√
〈x, x〉,

is a norm on E, which we call the norm inherited by (or
associated to) the scalar product 〈., .〉 : E × E → R.

Definition 1.1. A normed vector space (E, ‖.‖) is called Eu-
clidean if E is finite dimensional2 and the norm ‖.‖ is inher-
ited from a scalar product on E.

The normed vector space (Rd, ‖.‖2) is the most standard
example of a Euclidean space since the norm

‖x‖2 :=

√√√√ d∑
i=1

x2i , x = (x1, . . . , xd)
>,

is associated to the scalar product

〈x, y〉 := x>y =

d∑
i=1

xiyi.

More generally, given a symmetric and positive definite ma-
trix3 A ∈ Rd×d, the expression

〈x, y〉A := x>Ay

defines a scalar product on Rd and the inherited norm is
usually denoted ‖.‖A. Actually any d-dimensional Euclidean
space (E, ‖.‖) can be identified with (Rd, ‖.‖A) for a certain
symmetric and positive definite matrix A ∈ Rd×d. Indeed,
having fixed a particular basis e1, . . . , ed of E, one observes
that the map φ : E → Rd defined, for any x =

∑d
i=1 xiei ∈ E

by
φ(x) = (x1, . . . , xd)

>,

is a linear bijection satisfying

2A normed vector space (E, ‖.‖), not necessarily finite dimensional
and whose norm ‖.‖ is inherited from a scalar product on E is more
generally called a pre-Hilbert space. A Hilbert space is a pre-Hilbert
space that is in addition complete for the norm inherited from the scalar
product.

3Recall that a matrix A ∈ Rd×d is called symmetric and positive
definite if

• A> = A,

• For all x ∈ Rd, x>Ax ≥ 0,

• For all x ∈ Rd, x>Ax = 0 if and only if x = 0.
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〈x, y〉 = 〈
d∑
i=1

xiei,

d∑
i=1

yiei〉

=

d∑
i,j=1

xiyj〈ei, ej〉

= φ(x)>Aφ(y),

where
A := (〈ei, ej〉)1≤i,j≤d,

is symmetric and positive definite.
If (E, ‖.‖) is a Euclidean space, there are a number of use-

ful identities connecting the norm with the associated scalar
product. For instance, the classical polarization identities,
which allow to express the scalar product in terms of the as-
sociated norm only, state that for all x, y ∈ E,

• 2〈x, y〉 = ‖x‖2 + ‖y‖2 − ‖x− y‖2,

• 2〈x, y〉 = ‖x+ y‖2 − ‖x‖2 − ‖y‖2.

Adding these two identities, we obtain the parallelogram iden-
tity:

∀x, y ∈ E, 2‖x‖2 + 2‖y‖2 = ‖x+ y‖2 + ‖x− y‖2.

We end by a few elementary notions of topology which
will be usefull in the sequel.

Let (E, ‖.‖) be a finite dimensional normed vector space.
For x ∈ E and r > 0, we denote

B(x, r) := {y ∈ E : ‖x− y‖ < r},

the open ball with center x and radius r > 0 in E.
A subset A ⊂ E is called bounded if there exists x ∈ E

and r > 0 such that A ⊂ B(x, r).
A subset U ⊂ E is called open if, for all x ∈ U , there exists

r > 0 (possibly depending on x) such that B(x, r) ⊂ U .
A subset F ⊂ E is called closed if its complement E \ F

is open. Equivalently, one shows that a set F ⊂ E is closed if
and only if, for any sequence (xn)n≥0 of elements of F that
converges to some limit x∞ ∈ E, the limit x∞ necessarily
belongs to F .

A subset K ⊂ E is called compact if any sequence (xn)n≥0
of elements of K admits a subsequence converging in K, i.e.,
there exists a strictly increasing function ϕ : N → N and
a point y∞ ∈ K such that the sequence (yn)n≥0 defined by
yn := xϕ(n) converges to y∞. In the context of a finite dimen-
sional normed vector space E, a subset K ⊂ E is compact if
and only if it is bounded and closed.

Recall that a sequence (xn)n≥0 is called a Cauchy sequence
if

lim
min{p,q}→+∞

‖xp − xq‖ = 0.

Recall finally that a finite dimensional normed vector space
E is complete: a sequence converges in E if and only if it is
a Cauchy sequence.

2 Differentiable maps

At the core of differential calculus lies a basic observation: the
simplest maps between two vector spaces are the linear maps
(i.e., matrices if one fixes reference bases). In particular, the
fundamental idea of differential calculus is to:

• Identify the maps that are locally well approximated by
a linear map,

• For those maps, quantify precisely this approximation.

Maps that can be locally well approximated by a linear map
are called differentiable and the best local linear approxima-
tion of a differentiable map is its differential.

A way to quantify the approximation of a differentiable
map by its differential is Taylor’s formula.

In this paragraph we address quickly the first point. Con-
sider two finite dimensional normed vector spaces (E, ‖.‖E)
and (F, ‖.‖F ). Let U ⊂ E be an open set and f : U → F be
a map.

Definition 2.1. The map f : U → F is called differentiable
at x ∈ U if there exists a linear function, denoted dxf : E →
F such that, for all h ∈ E such that x+ h ∈ U ,

f(x+ h) = f(x) + dxf(h) + ‖h‖Eε(h),

where ε(h) ∈ F satisfies

lim
h→0
‖ε(h)‖F = 0.

If it exists, the linear function dxf : E → F is unique and
called the differential of f at x. The map f is called differen-
tiable on U if is differentiable at every point x ∈ U .

Remark 2.2. The reason we ask U to be open is that it is
the only condition under which the differential dxf : E → F
can be well defined on the whole vector space E. To see this,
fix x ∈ U where f is differentiable and note that, since U is
open, then for all h ∈ E there exists t > 0 small enough such
that x+ th ∈ U . Then, we have by definition of dxf that

f(x+ th) = f(x) + dxf(th) + t‖h‖Eε(th)

= f(x) + tdxf(h) + t‖h‖Eε(th),

where the last line follows from linearity of dxf . In particular,
we deduce that for all h ∈ E, and small enough t > 0,

dxf(h) =
f(x+ th)− f(x)

t
− ‖h‖Eε(th),

from which it follows that, for all x ∈ U and all h ∈ E,

dxf(h) = lim
t→0,t6=0

f(x+ th)− f(x)

t
. (2.1)

Whenever we consider a function f : U → F defined on a non
open set U ⊂ E, it isn’t clear a priori what it means for f to
be differentiable. The convention in this case is very simple:
we say that f : U → F is differentiable iff there exists an open
set Ū ⊃ U and a differentiable map f̄ : Ū → F such that,
for all x ∈ U , we have f(x) = f̄(x) and we define in this case
dxf(h) := dxf̄(h) for any x ∈ U and any h ∈ E.

2



Remark 2.3. Formula (2.1) allows to interpret dxf(h) as
the directional derivative of f at x in the direction of vector
h. Indeed, introducing the curve γ(t) := x+ th, defined for t
small enough, formula (2.1) reads precisely

dxf(h) = (f ◦ γ)′(0).

Classical computations:

1. Whenever E = R, then for all x ∈ U and any h ∈ R, we
recover the more familiar formula

dxf(h) = hf ′(x),

where

f ′(x) = lim
t→0,t6=0

f(x+ t)− f(x)

t
∈ F.

2. Suppose that, there exists a linear map L : E → F and
some b ∈ F such that f(x) = L(x) + b. Then f is differ-
entiable on E and, for all x, h ∈ E,

dxf(h) = L(h).

3. Suppose that E is a Euclidean space, with scalar product
〈., .〉. Let L : E → E be a symmetric linear map, i.e.,
satisfying for all x, y ∈ E.

〈L(x), y〉 = 〈x, L(y)〉.

Let v ∈ E and c ∈ R be fixed and consider the map
f : E → R defined by f(x) = 〈x, L(x)〉+ 〈x, v〉+ c. Then
f is differentiable on E and, for all x, h ∈ E,

dxf(h) = 2〈h, L(x) + v〉.

The chain rule is often used in computations.

Theorem 2.4 (Chain rule). Let E,F,G be finite dimensional
normed vector spaces. Let U ⊂ E and V ⊂ F be open sets,
let f : U → F and g : V → G be differentiable maps such that
f(U) ⊂ V . Then g ◦ f : U → G is differentiable and, for any
x ∈ U and any h ∈ E,

dx(g ◦ f)(h) = df(x)g(dxf(h)).

3 Gradients

From now on, we fix a Euclidean space E with scalar product
〈., .〉 and associated norm ‖.‖.

Theorem 3.1 (Riesz-Fréchet representation Theorem4). Let
` : E → R be linear. Then, there exists a unique vector v ∈ E
such that, for all x ∈ E,

`(x) = 〈x, v〉.

Definition 3.2 (Gradients). Let f : U ⊂ E → R be differ-
entiable and fix x ∈ U . Then, the gradient of f at x is the
unique vector ∇f(x) ∈ E such that, for all h ∈ E,

dxf(h) = 〈h,∇f(x)〉,

whose existence is guaranteed by the linearity of dxf and The-
orem 3.1.

4This is actually a simple version of a more general result stating that
a linear map from a Hilbert space H to R is continuous iff it is of the
form x 7→ 〈x, v〉 for some vector v ∈ H.

The gradient of f at x has a very clear physical interpre-
tation:

• If ∇f(x) 6= 0, then denoting γv(t) := x+ tv, we have

∇f(x)

‖∇f(x)‖
∈ arg max
v∈E:‖v‖=1

(f ◦ γv)′(0).

• Furthermore

‖∇f(x)‖ = max
v∈E:‖v‖=1

(f ◦ γv)′(0).

In other words, the gradient of f at x points in the direction
of the largest increase of f at x and the norm of the gradient
is equal to the value of this maximal increase.

We end by connecting this maybe abstract definition of
gradients with the classical interpretation of the gradient as
the vector whose coordinates are partial derivatives. Beware,
however, that this interpretation is valid only if (E, ‖.‖) =
(Rd, ‖.‖2).

So suppose that (E, ‖.‖) = (Rd, ‖.‖2) and denote

e1 = (1, 0, . . . , 0)>, . . . , ed = (0, . . . , 0, 1)>,

the standard basis of Rd. Then, given a differentiable map
f : U ⊂ E → R, we may consider its partial derivatives

∂if(x) = lim
t→0,t6=0

f(x+ tei)− f(x)

t
.

Note that these partial derivative may be represented as

∂if(x) = dxf(ei).

Now, note that for any h = (h1, . . . , hd)
> ∈ Rd, we have of

the one hand that, by linearity of dxf ,

dxf(h) = dxf(

d∑
i=1

hiei)

=

d∑
i=1

hidxf(ei)

=

d∑
i=1

hi∂if(x).

On the other hand, by definition of the gradient ∇f(x) =
((∇f(x))1, . . . , (∇f(x))d), we have that

dxf(h) = h>∇f(x) =

d∑
i=1

hi(∇f(x))i.

Hence, by uniqueness of the gradient, we indeed recover the
classical fact that, in Rd equipped with the classical scalar
product 〈x, y〉 = x>y, we have

∇f(x) = (∂1f(x), . . . , ∂df(x))>.

4 Higher order differentiability

Let E,F be two finite dimensional normed vector spaces and
denote L(E,F ) the vector space of all linear maps L : E → F .
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Note that L(E,F ) is finite dimensional and that it can be
naturally equipped with the so called operator norm ‖.‖op :
L(E,F )→ R+ defined by

‖L‖op := sup
x∈E,x6=0

‖L(x)‖F
‖x‖E

.

Let U ⊂ E be an open set and f : U → F . If f is differentiable
on U , then we can construct a new map df : U → L(E,F )
defined, for all x ∈ U , by

df(x) := dxf.

Definition 4.1. Let f : U → F be differentiable on U .

• We say that f is continuously differentiable on U , and
we denote f ∈ C1(U,F ), if the map df : U → L(E,F ) is
continuous.

• We say that f is twice differentiable on U if the map
df : U → L(E,F ) is differentiable on U .

• We say that f is twice continuously differentiable on U ,
and we denote f ∈ C2(U,F ), if df ∈ C1(U,L(E,F )).

We can define higher orders of differentiability by iterating
the above process but this will be enough for our purposes.

Now suppose f : U → F is twice differentiable on U .
Then, for x ∈ U we denote

d2xf := dx(df).

By construction, note that d2xf : E → L(E,F ) is a linear
map, i.e., d2xf ∈ L(E,L(E,F )). This implies that, for any
u ∈ E, d2xf(u) is a linear map from E to F , mapping v ∈ E
to

d2xf(u)(v) ∈ F.

It is often much more convenient (and equivalent) to interpret
d2xf as a bilinear map E × E → F by setting

d2xf [u, v] := d2xf(u)(v).

Note however that, if f is only twice differentiable, this bi-
linear map isn’t necessarily symmetric. However, if f ∈
C2(U,F ), this nice property is guaranteed.

Theorem 4.2 (Schwarz). If f ∈ C2(U,F ) then for all x ∈ U
the second order differential d2xf of f at x is a symmetric
bilinear map. In other words, for all x ∈ U and all u, v ∈ E,

d2xf [u, v] = d2xf [v, u].

We end by discussing the special case where (E, ‖.‖) is the
standard Euclidean space (Rd, ‖.‖2) and F = R.

Remark 4.3. Let (E, ‖.‖) = (Rd, ‖.‖2), let U ⊂ Rd be open
and f : U → R. Suppose f ∈ C2(U,R). Then, introducing

e1 = (1, 0, . . . , 0)>, . . . , ed = (0, . . . , 0, 1)>,

the standard basis of Rd, we define the second order partial
derivatives of f by

∂2i,jf(x) := d2xf [ei, ej ].

One may show that, for all x ∈ U ,

∂2i,jf(x) = ∂i(∂jf)(x) = lim
t→0,t6=0

∂jf(x+ tei)− ∂jf(x)

t
.

By Theorem 4.2, we have that, for all 1 ≤ i, j ≤ d and all
x ∈ U ,

∂2i,jf(x) = ∂2j,if(x).

Now, for all u =
∑d
i=1 uiei and v =

∑d
i=1 viei, we get by

bilinearity of d2xf that

d2xf [u, v] =

n∑
i,j=1

uivjd
2
xf [ei, ej ]

=

n∑
i,j=1

uivj∂
2
i,jf(x)

= u>∇2f(x)v,

where ∇2f(x) denotes the Hessian matrix of f at x defined
by

∇2f(x) := (∂2i,jf(x))1≤i,j≤d.

It follows from Theorem 4.2 that ∇2f(x) is a symmetric ma-
trix for all x ∈ U .

5 Taylor’s identity

Let (E, ‖.‖) be a finite dimensional normed vector space, let
U ⊂ E be open and let f : U → R be differentiable. We have
established that f can be expanded around any x ∈ U as

f(x+ h) = f(x) + dxf(h) + peanuts(h),

where

lim
h→0

|peanuts(h)|
‖h‖E

= 0.

The goal of Taylor’s identity is to provide a more explicit
expression for peanuts(h) which is very useful as we’ll see
in the next lectures. Before we embark on the proof, let us
remind the reader about the fundamental theorem of calculus
which states that, for a differentiable map g : I → R, defined
on an open interval I ⊂ R, we have, for all s < t ∈ I,

g(t) = g(s) +

∫ t

s

g′(u) du. (5.1)

This basic result is in fact all we need to estalish Taylor’s
identity. We also need the property that U is a convex subset
of E, i.e., that for all x, y ∈ U and all t ∈ [0, 1],

(1− t)x+ ty ∈ U.

We start with Taylor’s identity at order 1.

Theorem 5.1 (Taylor’s identity at order 1). Suppose that
f : U → R is differentiable. Suppose U is convex. Let x ∈ U
and h ∈ E be such that x+ h ∈ U . Then,

f(x+ h) = f(x) +

∫ 1

0

dx+thf(h) dt.
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Proof. Let g : [0, 1]→ R be defined by

g(t) = f(x+ th).

Then,
g′(t) = dx+thf(h).

The result then follows immediately from formula (5.1).

Remark 5.2. In the context where E is a Euclidean space
with scalar product 〈., .〉, it follows immediately from the def-
inition of gradients that the above formula can be written as,

f(x+ h) = f(x) +

∫ 1

0

〈h,∇f(x+ th)〉dt,

under the same assumptions.

We now arrive to Taylor’s formula at order 2.

Theorem 5.3 (Taylor’s identity at order 2). Suppose that
f : U → R is twice differentiable. Suppose U is convex. Let
x ∈ U and h ∈ E be such that x+ h ∈ U . Then,

f(x+ h) = f(x) + dxf(h) +

∫ 1

0

(1− t)d2x+thf [h, h]dt.

Proof. Let g : [0, 1]→ R be defined by

g(t) = f ◦ γ(t) + (1− t)(f ◦ γ)′(t),

where γ(t) = x+ th. Then,

g′(t) = (1− t)(f ◦ γ)′′(t).

Hence, applying (5.1), we obtain

f(y) = g(1)

= g(0) +

∫ 1

0

g′(t)dt

= f(x) + (f ◦ γ)′(0) +

∫ 1

0

(1− t)(f ◦ γ)′′(t)dt.

It remains to observe (prove it), that

(f ◦ γ)′(0) = dxf(h)

and that
(f ◦ γ)′′(t) = d2γ(t)f [h, h].

A classical application of the above result is for instance
when U is a convex subset of Rd, equipped with its standard
Euclidean structure. In this case, by definition of the gradi-
ent and the Hessian matrix introduced above, the previous
formula reads

f(x+ h) = f(x) + 〈h,∇f(x)〉+
∫ 1

0

(1− t)h>∇2f(x+ th)hdt.
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