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O
. Recap on convexity in LR

"

Convex sets

Cc Rd convex if t no,ni EC ,
ft E Eo

,
I ]

Nt : = ( t- t)not t n , E C .

Them ( supporting hyperplane) pt.RI

Let Cc Rd convex -
and no E OC . convex ✓
Then there exists u E IRL { o } ,
such that the C

< u
,
n - no > 30 '

"
t

c
non convex X

n
⑤ Convex functions .

"

No • Def .

Cc Rd convex set .
f : C → IR convex if
✓ No

,
Ny EC

flat ) EU- t) ftnottflni)
pm

•^ Nt (t - t) not try
0



One checks that f : C→ 112 convex iff its
epigraph

epi (f) is { Ca , t) E Cx IR : f (a) E t }
is convex in Rdx 112

.

Def ( subgradients and subdifferential )
Cc III

'

convex and f : C→ 112
.

A subgradient of f at n E C is a vector

gut 12
"
such that :

Hy EC , fly) > f- (a) t Lgn , y - n >

The subdifferential of f at a EC ,
denoted

of Ca) is the set of all subgradients of
f- at a .

Them
.

C c trd convex and f : C → 112 .

i) ( tn EC , ofCn) to ) ⇒ f convex

ii) f convex ⇒ ( ta E E
, Offa) # 0)

iii) ( Monotonicity of subgradients )
f convex = > ten , y E E ,

t ga E Offa ) ,
t
gy
E Of Cy ) :

µ <ga
-

gy , n
-

y > so



Proof . i) Take me , an EC and at := Ct- t) not tar .

By assumption there exists g E of Cat ) .

Hence we have

f- (no) > flat) thg , no
- at>

f- (m ) > flatting , ni
-

at>

Multiplying the first inequality by a - t) the
second one by t and summing them

,
we obtain

f- tht) E Ce - t) fCn.) t tfCnn ) .

ii) Consider n E C .

The pair (n , f-Cn)) belongs
to the frontier 0 epi Cf) of the epigraph off .

By the supporting hyperplane theorem ,
there

enists ( a
,
b) E Rdx R

,
F (o

,
o) , such that

fly ,
t ) E epilf )

< a
, y > t

bt Z La , n > t
b fCn) . City )

Note that Cy , t) Eepilf ) and t
'

> t implies
( y ,
t
'

) E epicfl .

In particular inequality (*a )
should hold for t → to which imposes

b > o .

Now suppose a E
E

.
Then for ELO small

enough 2- : = N t Ea E C
. Then (*n ) implies

that t t z f Cz ) :

La
,
n> tbf Cn) E La , 2-7 tbt

⇒ if Cn ) s en aEfbaf ?
> tell all't be



If 10=0 , Edo implies a = o which is

a contradiction
.
Hence :

b > o .

Finally ,
t
y
EC

, applying Cte ) for t - fly)
leads to

fly) > fln) t L f- in - y >
⇒ - Hb E of Cn) .

iii) sum inequalities
fly) > f- Cn) than , y

- n> and fcn)> f-Cyst Lgy , n - y > .

I

Them ( convexity and differentiability )
C C IRD convex and f : C → IR convex .

i) f differentiable ⇒ ta E E , ofCn) -- {Fffn )}
ii) f twice differentiable ⇒ fate , their

"

< tfCn) h, he > 70

Proof . i) If n E E ,
then the EIR

"

and t EIR

small enough ,
at the EC . Taylor

expansion around n :

flat th ) = fln) ± th TfCn),h> to (t ) .



Convexity of f implies ,
t ga E ofCa) ,

f-Cnt th ) z fcn) ± than , h >

⇒ tht Rd : Ith Ff (n) , h> to Lt) 3 It Lgn ,h >
⇒ ( t to ) tht Rd : L Ff Cn) - ga ,

h> z o

= > TfCn) -- ga

ii) similar idea :

- Taylor expansion around n E E :

f- fat th) = fca) Ith -VfCn) , he> + TIL flash ,
he> to (E)

- Convexity : f- Get th ) > f ± th TfCn) ,h>

⇒ TIL Tifa) h , he> to Lt ' ) 30 D

④ X - convexity

Def .

Let Caird convex and XELR
.

f : C → IR is called X - convex if

ne C t f, (n)
: = f-Ca ) - I 1121122

is convex



Them
.

C c Rd
,
X E IR

, f : C → IR d - convex

then the following holds

i) t no , n , E C , t t E Eo , 1 ] :

flat ) E U - t ) f- (no ) t tf Cni )
-

I t ( t - t) 11 no - n , 112 .

2

ii) If f differentiable ,
then ta EE

,

ty E C :

fly ) 3 Fcn) th TfCn ) , y - n> + Iz kn - y 112

iii ) If f differentiable , t n , y E E :

L Tf Cn) - Tf Cy ) , n - y > Z X Hn - y
112

iv) If f twice differentiable ,
tntc

,

the IRD :

< TfCn) h , h > > X 11h11
'

.

Proof. Exercise .

In particular , show conversely that
these properties characterize
d - convexity .



Them ( case X > o )
suppose f : C -7112 is t - convex

,
X > o

.

Then :

i) If C closed and flower semi continuous ,
f- has a unique minimizer n

't

.

ii) (Quadratic growth) : ta E C

Ia Ha - n
't IT E f Cn) - feat) .

iii ) ( Polyak - tojasiewicz ( PL ) inequality )
If f- is differentiable , ta EE :

f-Cn) - f- (n
't

) E Ig, Rtf (a)
112

Proof
i ) Let an E C be a minimizing sequence
( limn f-Cnn ) = igf f) . By point i) of the
previous thm ,

we obtain

Ia Han - nm Il 's tzftnnlttzftnm) - f- (MII)
Letting him → to ⇒ lenity→ +all non - nm " = 0

⇒ Cnn ) Cauchy
and hence converges in C ( closed ) .

If n't :c b-man .

We get by lower semi - continuity

flat) Elim f-Cnn )
= ,
#minimum -

Uniqueness follows from ii) .



ii) tn EC , denote at := (e- t ) att t n .

Point i) of previous them ⇒

flat ) E U - t) f- Cnt ) t tf Cn) - Iata - t) un - sin ?

⇒ ft Elo , t ) :

Illa - 2*112 ← FED - flat )
+
f- (n't ) - flat )

t - t tu
⇐ Fcn) - f Cn

't
)

.

so

i - t

t to ⇒ Conclusion
.

iii) Fix n E E . Suppose E E E .
Then optimizing

both sides of inequality @n y E E )

f- ( y ) 3 f- Cn) t LF f-Cn) , y - n> t Iz Hn - y 112

implies
fat, > fen ) - tall Tftn ) " ?

as desired . If EEOC ,
we conclude by an

approximation argument .

D



1
.

Gradient flows in IRD
.

④ Definition
consider f : Rd→ IR

,
C-( Rd ) .

Def . The gradient flow of f is the family
of maps ( St ) t > o , Se : Rd→ Rd
such that

• So = id

• t no E Rd, the map
t Eco

,
ta ) to St (no )

is the unique solution of the
Cauchy problem

It at =
- Ff (ne ){ line at = no

: GF Cf , no)

t→ o

Notation : For n : ( o
,
to) → IRD

,
we

use indifferently notation

Nt or a ( t)

as well as

one or d- at
at



Basic properties
Lemma ( Gromwall )

Let
g

: Io
,
to) → IR be differentiable

and satisfying g
'
( t) s pets get)

for some p : [ o
, ta
) → R .

Then

glt ) E g ( o) exp ( ftp.cssds ) .

Theorem
. Suppose n :[o , a) →

1124
solves GF ( f, no) .

Then the

following holds .

i) (
"

Energy identity
"

) ft > o :

Idf flat) = - Hsieh
'

=
- IIFflat) IT to . CEI)

If in addition f is X - convex , for some
X > 0

,
and achieves its minimum at n

't

,

Then :

flat ) - f (n
't

) E ( fcn .) - fcnxy , e-
" t

ii) (
"

slope inequality
"

) If fist - convex , XEIR,
then t t > o :

HTflat ) 11 E k TfCn. ) H e
-

tt

. CSI )



Comments

• Point i) States that f decreases along
the trajectory of at .

Note that

identity ( EI) does not require f to
be convex

.

• Point ti) States that the
"

slope
"

of f ,
i

-
e

- H Ff II , decreases along the
trajectory of at .

Proof .

i) By the chain rule ,

ft flat ) =L Tf Cnet , sits
and CEI ) follows from the fact it = - Ff(at ) .

Now if f is X - convex ( for t > o ) , we
have seen earlier that

flat ) - f- (n
't

) E at HTflat) Il ?
Hence

,
we deduce from LEI ) that

Idf ( flat) - f- (n'7) = It flat) = - IIT flat Ill
'

Gronwall ⇒
£ - 2X ( flat) - flag) .

flat) - f- In'T E Ifla. ) - fees) e-
"?



ii) By the chain rule again

day.kTftnHR= 2L flat ) - net
, Tffntl >

=
- 2 a flat) - Tffntl , Fftntl)

i÷: it:c::ii÷ :*.ie:
D

Exercise
.
Show that if f is t - convex ,
for HEIR ,

and if n solves Gflf, no)
and
y solves

GF ( f , yo ) , then ft > o
- Xt

Hat - y th t kno - yoke

④ Metric characterization of Gflows in IRD :

the Energy Dissipation Inequality ( EDI )

them
. A Ct curve n : [ o

,
a) → Rd is a

solution of GF ( f , no? if and only if
ft E (o

,
to )

flat)tz/ot(11%112+11 TfCasi) ds E f(no)
(EDI )



Proof . ⇒ ) suppose n solves GF Cf, no ) .

Then the Energy identity ( already proved )
shows that

Its f-Cns ) = - knish
'

= - IITflash
'

⇒ Its fins) = - La ( Kensit ATflash
'

)

Integrating from o to t implies that

f- the ) - f- (no) = - I lot( mish 't lltflnsli) ok
so that the EDI actually holds as an identity .

⇐ ) Conversely suppose that the EDI holds .

Then
, observing that ( using only

the differentiability of f and n )

flat) = f- (no ) t fo th FfCns ) , sis > ds
we deduce that

I fotllnst-vflnsnfds-tzfotllloislithtftnsslfldstfo-flndi.es >ds
= I fotllhislftltvfcnssli Ids + flat ) - f(no )
(EDI)

E O .



Hence
,
ft> o
,

Hens ttfcns ) 11=0 for
Lebesgue almost all SE [o , TJ . Since this

holds htt > o and since n is Ct
,
this

implies : htt >

hit = - TfCat) .

D

comment . The above result provides
a

" metric " characterization of the
solution of GFCf, no) since quantities
11%11 and k Tf(as ) 11 can be defined only
in terms of the Euclidean metric

( n
, y ) t Ha

-

y 4 and therefore can be

defined analogously in arbitrary metric
spaces . Indeed

, denoting dca
, y ) :=Hn

-

y
"
,

Haith = lime
dlnt

, atte )

E -70 / El
Ef O

and

Iffy - f-Cyst
Htflnsll = lineup -

y → n
d Cn

, y )
ytn

To see why this second identity holds ,
observe that t

y
EIR" ( by Taylor expansion) :

fly ) - fcn) =L Tfln) , y - n> to Lily - all)



Hence
y f- n ⇒

fly ) - fCn )

dcy , ng
= ( TfCn) , YI

Hy - an
> t E ( Hy - ah )

where E ( u ) → o as u → o . Hence
,

lineup ' fluffy
,

'

gag
't
= limsupk-vfcns.LI > I .

y →
n

y → n Hy - all

y # a yfn

Finally , note that :

why,pnkTfCn7 , Yj÷ ,pl = sup Ittf Cas, u> lU E IRD

y t n
Hull =/

= HT flash ,
which proves the claim .



④ Metric characterization : Evolution
Variational Inequality LEVI)

Them
. Suppose f ECTRd ) is X - convex .

Then a C
'
curve n :[o

, a) →
IR
"

solves GF ( f , no ) if and only ifFVEIRD
,
ft > o :

f-tlzdtntihyttzdlnt.ir/Eflv) - flat )
where all . - . ) = It .

-
- H -
is the Euclidean

distance .

-

Proof . => ) suppose n solve GFCF, no ) .

Then

ddyltzdlntivl) =L It , at - v >
=
- L T flat) , at

- v > .

f- a convex ⇒

f- (v ) x flat) + Lofty ), v- at> + Iz Hat - vll ?

Combining these two observations we get
exactly :

ddyltzdlnt , D) + Edlund's fu) - flat ) .



⇐ ) conversely , if the EVI holds tv ERD,
ft >o
,
then

since d¥( '

zdlat ,D) = Cnet , at -N,
the EVI reads :

hit
, at

- v > E fu) - flat ) - Iz Hat -hi .

Choosing v = net E3 ,
E > o

,
BE Rd

,

and dividing by E
,
we obtain

- Loins > s flatten t
)
- teller ?

Taking Eto , we deduce that :

its C- Ird :
- snit , 5 > s s Ffcntl , 57 .

This implies sit = - TfCat) . D


