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Exercise I

consider a matrix AE Rd
'd
and the function

f : R
"
→ IR defined by f Cn) = atAn .

Under which assumptions is f convex
,
or

x - convex ?

Solution

f- isn't convex for any choice of A .

Indeed in the simple case where 01=1
,

A- = a is simply a real number and f =aa2
which is convex only if a > o .

More generally , t d > I
,
the function f is

infinitely many times differentiable and its

Hessian matrix is
,
Hn E Rd :

T

Ff(n) : = At A

fo f is a - convex
, for a > o, iff :

th EIR
"

: ht ( At At) h > a 11h11 ?

In the case where A is symmetric ( A = AT) , this
condition translates as

their
"

: htAh > Ez Ilha
'

.



Let us prove that

2 CA)
all eigenvalues

the Pnd : htAh > Ezllhk ⇐> of A are > E .

First
,
we recall the spectral Theorem :

Tnm ( spectral theorem )
Let A E Rd 'd be a symmetric matrix .

Then all eigenvalues of A belong to H2 and

can be ordered as X
,
CA ) > XIA) > - - - Z Xd (A ) .

In addition
,
there exists an or thermal basis

C- n
,
. . .

,
Ed of 1124 that diagonalizes A, i. e. ,

such that :

tis is d
,
Ati = t.CA) ti

Remark : The last statement can be written

equivalently as follows : there exists

an invertible matrix P
,
such that p

- '

=
PT

and such that
A = P diag ( t, CA), . .

.

,
do, CA )) P

"

Back to the equivalence (* )

⇒ ) this implication is rather straightforward .

Indeed
, taking any eigenvalue X of A

and any
associated eigenvector HEIR

"
- lo }

( Ah -- X h) ,
we have

2

Xllhll
'

= htAh > Ezllhll ⇒ X > I

T
z

'

assumption



⇐ ) conversely suppose di IA) > I , ti -- I
,
. . -in .

Then let Ei
,
. . .

,
Ed be as in the spectral

theorem .
Then the EIR

"

,
we have

h -

- ¥? hi Ei
⇒
htAh = Tijhihj EE A Ej

AEj-tjlmtjf-jhihjljlaltitjeiej.fi? i. hi tilth
di la) > E b

> q di
,

hi

= I 11h11
'

.

Which concludes the proof .

Exercise 2 (one step of projected gradient
descent )

consider a closed convex set ⑤ CIR
"
and a

differentiable convex function f : On → 112 .

For n E ⑤
,
denote

at : = to ( n - y TfCn ) ) ,

where to is the projection onto ⑥ and

if >
o .



Prove that
, if there exist n

't

E ⑥ such that

f- GE) = main@ f- (n) , then

ffn ) - f(n
't

) ⇐
"n - 2*112- int- n*n2

Solution
.

2g
t I " Tf(a) 112

By convexity of f ( and the fact that ,
for any convex differentiable function the

gradient Tffn) is a ( the unique ) sub gradient
of f at a ) we obtain that

f- (n
't

) > fla ) t TfCn)tCn* - a )

⇐ fln) - fGE) E TfCn5(n - n't ) . #n )

Now observe that
,
since EE ⑥ ⇒ n*= a-

① (n'T ,
and since Tuo is 1 - Lipschitz :

Ant - Ell = HE
@
(n - y TfCn ) ) -

a-
①
(E) H

E H n - y tfCn ) -
n

't

11

Expanding the last term
,
we obtain :

Knt - n't 112 E kn - y Tf Cn) - n
't 112

= ya - n
't R - 2ytfthtln-fifzy-vff.sk.



Reordering terms ⇒

TfCnT(n - E) ⇐
"n - Elk Hat- sin

'

Utz ) 2g
+ Ill -4-63112

Plugging (*2) into ( *n ) implies the desired
result

.

D


