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Exercise 1
. Physical interpretation of gradients .

Let E be a Euclidean space with scalar

product L .

,
. > .

Denote 11.11 the inherited norm

defined by Hull = JE .

Let UCE be open
and f : U → IR be differentiable .

Select n EV

such that Tffn) to .

For all v E E
,
denote

Vv Ct ) := at tv ( always defined for t small

enough ) .

Then
,
show that

TfCn )

⇒nut tree?::* ,

( torrico) ,
and that

HT f- (a) Il = max ( f
VEE : nope ,

° Ko )
"

( o ) .

Solution
.

Select v EE such that Holt = 1 .
Then

f- (at tv ) - flu )
(form

'

6) = line = dnflr) .

too t
t to

By definition of Tf Cn) ,
we deduce that

( for. )
"

lo ) = Lv , Tiffs > .

Cauchy - Schwarz ineq .
= >



(fo Vo)
"

lo) E Hull . It Tf (a) 11 = IITflan .

It remains to observe that
, letting v*= THI

we have IITflash
'

(for#Ilo) =L , Tfm
=L Tftn ) , FFG)>

HTf(a) H
= Ittf (n) 11 ,

which proves the claim
.

Exercise 2
.

Chain Rule

Let E
,
F

,
G be normed vector spaces .

Let UCE

and VCF be open sets .

Let finally f : U→ F
and

g
: V→ G be differentiable maps such that

flu) c V
.

Show that go f : U → G isdifferentiableand that tf n EU
,
the E :

da ( go f) Ch) = dffn , g ( dnf Ch ) ) .

Solution
.

We need to prove
that

,
t n E U and the E

such that nth E U
,

we have

go f- (nth ) = gofln) t df g ( dnflh ) )

+ peanuts ( h ) ,



where 11 peanuts Ch ) HG
→ o

11h11
e

h → o

'

To this aim
, first notice that since f and g

are differentiable ,
we have :

f- (nth ) = f- (n) t dat th ) t 11hHe Ef Ch ){ agmfytw ) = g ly ) t dyglw) t HWHF Eg ( w )

As a result
,
we have

w

→-

go f- (nth ) = g ( f (n ) t dnf th ) t 11h11 e Ef ch ) )
= g ( f (n ) ) t dfa , g ( dat tht t 11h He Ef ch ) )
+ H dnf Ch) t 11h11

e Ef th) Hg Eg (dnf (htt Hhheeflhl) .

which
, by linearity of dfcn , g ,

can be written

=

go f- (
n) t dffn, g (daf th ) ) t 11hHedfa.gg/EflhD+lldnflh7tllhHeEflhy7llgEg(dnflhltHhHeeflhl)

Call this ( terrible ) expression
"

peanuts (h)
"

It is then rather straightforward to see that



peanuts th) d
" hehe

=

fagg ( Ef (
h ) )

t H dnflff-h.ae/tEflhlllgEgldnflhltHhHeeflhl)
goes

to 0 when h → o since

Eflh) → o

h → o

daff!,gH: : } ⇒ dfcnigleflhlh.co ,

Hdnftfhaelteflhlllgtlldnfltfhq.lk
+ Il Eflh) 11g h - o

→
°

⇐

HdnfHopfChHlG ,

Remains bounded

and

Eg ( dnflh ) t Hhlleeflh ) ) Lo .

Exercise 3
.

Classical computations
Let E be Euclidean with scalar product

L .

,
-7

,
associated norm 11.11 .

a) Let L : E- → E be a symmetric linear map ,

i. e.
,
such that L Hn) , y > = Ln

, Hy ) >



for all n , y EE . Fix b E E and c EIR
.

Consider the map
f- (n) = Ln , L (n ) > t La , b) to .

Show that f is differentiable on E and

compute its differential and gradient .

2) Fix an integer k 31 ,
vectors

for ,
. . .

, Pk EE ,
constants pyo ,

. . .

, Bk
,
of IR

as well as do
,
di

,
. . .

,
d
k
EIR

.
Consider finally

a differentiable function T : IR → R .

Define f : E → 112 by

f- (n) = do t II
,

ako kn , Pk> + Pk , o) .

Compute the differential and gradient off .

Solution
.

1) Consider n
,
ht E

. Then
, by bi linearity of

the scalar product and linearity of L :

f- (nth) = f- (n )
= : a Ch )

+ #nDtLnhLh>)
t Lh ,

Lch ) >
-

= : b (h )

By symmetry of L ,
we clearly have that

a. ( h ) = Lh
,
2L(n ) t b >

which is clearly linear in h .



Then
,
we observe that

bch )
=

Lh
,
Lch ) >

- -

11h He 11h HE
E ll Hh ) HE ( Cauchy - Schwarz )

E 11L Hop 11h HE
where 11h11

op
:= sup

"HI " E < to is the

ht o 11h11
E

operator norm of L . In particular , we see that

b Ch)

Thye Io
. Hence

, by definition ( and unique -
ness ) of the differential ,

we

deduce that

dnflh) = Lh ,
2L (a) tb >

and therefore
Fffn) = 2L (n) t b .

2) Introduce gk : E → 112 defined by
gr (a) = Ln , Pk > t Pk, .

Then

f- In) -- a. tf ar Mgk Lal ) .

We deduce that

dnflh ) = II
,
ah da ( ro gr ) ( h ) .



By the chain rule ,

dn@ogn1lht-dgp.ca, t ( dngnlhl ) .

But

dngp.ch/=LhiPk7
and

tie
,
VER : duo (o) = lim

tluttv) - Hu)

Ufo
too t
t to

= v.

line Hutto)
-
Tcu )

too to
t to

= v .

line flute )
- Tcu )

E→ o E

Ef o

= v O'( ie) .

Combining all this ,
we obtain that :

dnflh ) = Itar -
Lh

, Pk > fkn , Pk> + Pho )

= Lh
,

,

arr
'

kn ,pntpm . ) Pk )
which brings

FFG) -- I
,

abo
'

kn ,pDtpm . ) Pk


