MMDA SEMINAR 3

1. RECAP
Make sure you can shortly answer the following questions.

1. What do we call a simple function 7

2. What is the basic approximation property of positive simple functions with re-
spect to positive measurable functions 7

3. Define the integral of a positive simple function.

4. Define the integral of a positive measurable function.

5. What do we call an integrable function 7

6. Define the integral of an integrable function.

2. INTEGRAL OF A SUM

Let (fn) be a sequence of measurable and positive functions f,, : (5,8) —
(Ry,B(Ry)) and let p be a positive measure on (S,8). Then, show that we al-

ways have
/Sandu = Z/andu-

n>1 n>1
3. MEASURES WITH DENSITIES

Consider three positive (and o-finite) measures v, i, m on (S,8). Suppose that
v < p and that p < m.
1. Show that v < m.
2. Show that
dv  dv du
dm  dp “dm
3. Let A € B(R?Y) be such that A\;(A) € (0, +00) and let U4 be the uniform measure
on A.
3.a. Show that U4 < A\g4.
3.b. Give the expression of
dU 4
dAg
4. In this question we illustrate the importance of the o-finite assumption. Show
that the counting measure n on (R%, B(R?)) is not o-finite. Show that Ay < 7 but
that Ay does not have a density with respect to 7: there exists no measurable and
positive function f : R? — R, such that

Aa(4) = /A fdn.
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